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ON A MEAN FIELD THEORY OF TOPOLOGICAL 2D 

GRAVITY 

JIAN ZHOU 


Abstract. We present a one-dimensional mean field theory for 
topological 2D gravity. We discuss possible generalizations to other 
topological field theories, in particular those related to semisimple 
Frobenius manifolds. 


1. Introduction 

The mathematical theory of the topological 2D gravity studies the 
following intersection numbers on the Deligne-Mumford moduli spaces: 

(1) (Di •••Djg := / 

-Mg,7T. 

As is well-known, instead of considering these numbers individually, it 
is more effective to study them collectively by considering their formal 
generating series: 

(2) F(ti A) = ^ 

5>0 

where 

(3) Fg{t) := ■ 

Apparently F involves integrations on inhnitely many spaces and 
inhnitely many parameters. In this paper, we will present a mean 
held theory for this theory which is one-dimensional, more precisely, a 
model that depends on formal integration of a formal held on a one¬ 
dimensional space, depending on inhnitely parameters. This is very 
striking because the original theory involves all sorts of topology of 
Riemann surfaces and their suitable compactihcations, it is very hard 
to expect that all the information can be essentially encoded in a one¬ 
dimensional theory. The secret is that we hide all the complexities in 
the interactions of the mean held theory. 

The idea of a mean held theory is a very well-known old idea in 
statistical physics where one considers a system with a very large degree 
of freedom. One approximates the system by hnding a held theory 
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for suitably chosen finitely many order parameters so that the Euler- 
Lagrange equations approximate the equations of states of the systems. 
Usually quantum corrections are needed to improve the approximation. 
Renormalization flow was developed to provide a scheme to canonically 
improve the model. 

The application of the approach of mean held theory to topological 
string theory was initiated in [3]. The authors focus on the genus zero 
case based on topological recursion relations in genus zero (see also 
for mean held theory in genus zero for topological 2D gravity). 
They also discussed the cases of genus one and higher genera based on 
integrable hierarchies. Their discussions are mostly concerned with the 
derivation of the equations of states. In this paper we will supplement 
their work by providing the suitable action functional that leads to 
these equations. We will focus on the case of pure topological gravity. 
We will speculate on the generalizations to the general case in the hnal 
Section 5 and leave the details to be worked out in subsequent work. 

For the order parameter in the case of topological 2D gravity, we take 
the specihc heat dehned as the second derivative of the free energy: 

(4) «(t; A) = 5^ A^»«,(t) = 5^ 

g>0 g>0 0 

It is customary to take to as the space variable and denote it by 
X, u then can be thought of as held on the space with coordi¬ 

nate X, parameterized by time variables .... By Witten Conjec¬ 
ture/Kontsevich Theorem [T^ [T3] . u satishes the KdV hierarchy 

( 5 ) ^ = d^Rn[u], 

utn 

for the sequence of Gelfand-Dickey differential polynomials Rn[u]. It is 
known that there is a differential polynomial T„[m] such that 

( 6 ) d^Tn[u] = d^u ■ Rn[u]. 

The action we hnd for our mean held theory is 

(7) S[u] = ^ - <5nl) • f Tn[u{x)]dx + F(t)|to=o- 

We will show that its Euler-Lagrange equation is equivalent to the 
string equation: 

OO 

U = '^tnRn[u\ -h X. 
k=l 


(8) 
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Furthermore, if M(t) is determined by this equation, then we have 
(9) F(t) = ^ - 5no) ■ j Tn[u{t)]dx + F(t)|tj,=o. 

n>0 


This means our mean held theory is exact semiclassically without any 
quantum corrections. 

Note in the above we have not specihed the bounds for integration. 
This is because we are working in a formal setting without considering 
the issue of convergence. In fact, we will show that we cannot expect 
the convergence in this case. Since Fg{t) involves inhnitely many vari¬ 
ables, to make sense of the convergence problem one can restrict to the 
subspaces where only hxed numbers of hnitely many variables are pos¬ 
sibly nonvanishing. In fact we will consider the restriction to the space 
where all variables expect for to and t 2 vanish. Denote by Fg(to,t 2 ) 
the restriction of Fg{t) on this space. We will establish the following 
result: 

(10) = r + 


where {ag}g>o is a sequence of integers studied in probability theory of 
graphs mm, see also [7]. By the asymptotic formula for an, we have 


( 11 ) 


lim 

n^oo 


1 


l/n 

OjTL 


0 . 


It follows that when U 2 ^ 0, the radius of convergence of the series 


( 12 ) 

9>0 


as a power series in A is zero. 

The rest of the paper is arranged as follows. In Section 2 we recall the 
Gelfand-Dickey polynomials Rn[u] and some related differential poly¬ 
nomials Tn[u\ and establish some variational properties of Tn- The 
mean held theory of the topological 2D gravity is derived in Section 3 
based on the string equation. The convergence problem in Section 4 
will be addressed in Section 3. In the hnal Section 5 we present some 
speculations about possible generalizations. 
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2. Gelfand-Dickey Polynomials and Their Properties 

2.1. Gelfand-Dickey polynomials. Following [8], define a sequence 
{Rn} of differential polynomials in u by the Lenard recursion relations: 


Ro — 1) 


(13) 


dxRn+1 
For example, 


1 / \2 
2n+ 1 ■ Rn + ‘^U- dccRn + -jd^Rr 


dxRi 

Ri 

dxR2 


dxU, 

M, 

u-dxU + -^d^u, 

2“ + 


R2 -- 
dxRs -- 
Rs -- 

Rewrite ffT^ as follows: 

(14) Rn+l = 
or alternative as 

(15) Rn+l = 


1 A^ A^ 

-u^ ■ dxU H- u ■ dlu H- dxU ■ dlu H- d^u, 

2 12 ^ 6 ^ 240 ^ ’ 


1 \2 \4 

240 " 


• dlu + —{dxuf + 


2n + lv“'+T^')^” + ^+l' 


(u-dxRn), 


\2 \ 

. 2u ■ H- dl ) Rn - 

2n + lV 4 2n + l 


(dxU-Rn), 


To find Rn+i, one needs to show that u ■ dxRn or dxU • is a total 
derivative and hnds the corresponding antideritive. More generally, in 
[8] it was proved that for k,l > 0, there exists a differential polynomial 
Pk^i such that 

(16) Rk ■ dxRi = dxPk,i- 

In particular, there are differential polynomials Tn such that 

(17) dxU ■ Rn = dxTn. 
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The following are the hrst few terms: 

To = M, 

rr ^2 

, 

rr ^ 3 I ^ 2 \ 2 

^ “ 6“ + ’ 

rr ^ 4,1 2\2 1 2 \ 4 | ^ 

^ “ 24“ ^ 24““"^ 480^ 240 




T 4 = 


+ 


1 




-uu^us^X'^ + 


- 


1 x6 1 

-U2xUaxX + 


~UxU^xX 


240 13440 6720 6720 

2.2. Variational derivative. Denote hj A = ©n>o^n the space of 
differential polynomials, i.e., polynomials in uq = u{x),ui = dxu{x), 

..., Un = d^u{x), .... By An we denote the space of homogeneous 
differential polynomials of degree n. On the space A the operators 
naturally act, so do the operator 


(18) 




^k-hl 


k>0 


and the operator S dehned as follows: 
(19) i = 5^(-i)‘a 


A. 

dui 


d 


k>0 


k _ 


For f ^ A, 6f will be called the variational derivative of /. Since 


( 20 ) 


9J = 

duk 


0 , 


duk-i 


if /c = 0, 
if A: > 1, 


6dx = 0. 


^a%aAa 


one can easily see that 

( 21 ) 

In [8] the following sequence 

( 22 ) 0 ^ 1 

is proved to be exact. Furthermore, the following identity is established 
by symbolic computations: 

(23) 5(mi • Sf) = 0, 

for / G A. By slightly modifying the proof, one can also prove the 
following identity: 

(24) 


S(u ■ Sf) = n ■ Sf, 
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for / e An. 


2.3. Variational property of Tn. In 0, the following relation is 
proved: 

(25) 5Rn+l = Rn. 

By fl23l) one then has 

(26) 5{dxU-Rn) = Q. 


Lemma 2.1. For n > 0, 

(27) S{uRn) = {n + l)Rn - 

Proof. Write Rn = where Rn^ G A. By ffT3|) it is not 

hard to see that 

(28) e An-g. 

So we have 


d(uRn) = ^(U ■ Rn) = S(U ■ SRn+l) 
g>o 

9>0 

□ 


The following result plays a key role in the next Section: 
Proposition 2.2. For n>0, the following holds: 

( 29 ) 6Tn = (1 - \^)Rn. 

oX 

Proof. Rewrite (1X51) as follows: 

(30) Tn = 2u ■ Rn + —d^Rn — {2n + l)i?„_|_i, 
Apply 6 on both sides: 

6Tn = 26{u-Rn) + ^5dlRn-{2n + l)-5Rn+i 
= 2{n + 1 — ~ ^)Rn 

= (1-A|r)i?n. 
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3. Mean Field Theory of Topological 2D Gravity 

3.1. The KdV equations. The KdV hierarchy is the following se¬ 
quence of partial differential equations: 

(31) dt^u = dt^Rn+i, 

where Iq = x. 


3.2. The string equation. By the puncture equation we mean the 
following equation; 


(32) 


OF tl 

dto ^ "54-1 2A2’ 


In the mathematical literature this is referred to as the string equation. 
Following physicists, we will reserve this name for the equation fl35|) 
below. Take on both sides of (l32|) : 


(33) 



k=l 


du 

dtk-1 


+ 1 . 


And so by (1^ . 


CX> 

(34) ^ tkda^Rk + 1. 

k=l 

It can be shown that when u = satisfies the KdV hierarchy and F 
satisfies the puncture equation, the following equation holds [21 El [HI: 

oo 

(35) u = tkRk + X. 

k=l 

This is called the string equation in the physics literature. 


3.3. Landau-Ginzburg equation. Expanding both sides of the string 
equation as series in A, one gets by comparing the leading terms the 
following equation: 


(36) 


Uq ^ 


L.X_/ ^ 

-^tk -u^o+x. 


We will call this equation the Landau-Ginzburg equation. 




JIAN ZHOU 


3.4. Derivation of the mean field theory. Multiply both sides of 
fl3S]) by Ux and integrate with respect to x\ 


(37) 


/ OO n 

uuxdx = '^tk UxR, 
k=i 


kdx + / xuxdx. 


The last term on the right-hand side can be found by integration by 
parts: 


xUxdx = [ xdu = XU — [ udx = xu — A^-— 

./ ./ dx 


So we get 
(38) 


^ OO 

-u^ = ^tkTk + XU-X- 


k=l 


dx 


Rewrite it as follows: 




n>0 


Integrate once more, we obtain the following 


Proposition 3.1. Suppose that u = M(t) is determined by fl3^ . then 
one has: 

(39) F(t) = F{t)\to=o + - ^ni) ■ f Tn[u{t)]dx, 

n>0 


Theorem 3.2. Define the following action for a formal field u = u{x) 

on .■ 

(40) S[u] = F{t)\to=o + ^ X](4 - ^ni) ■ f Tn[u{x)]dx. 

Then the Euler-Lagrange equation for this action is equivalent to the 
string equation (l35|) . 


Proof. This is because 


du 




(4 - ^nl) ■ dTn[u{x)] 

n>0 

^ - 5nl) • (1 - X^)Rn[u{x)] 

n>0 

5^(tn - <5nl) • 

n>0 g>0 
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Therefore, if -^S[u] = 0, then one has for all g > 0, 


(1 - 2c/) ■ - (5ni) • [^(a;)] = 0, 

g>0 n>0 

and so 

■ ^n\u{x)] = 0. 

^>0 n.>0 


It follows that fl3^ holds. Conversely, if u satishes fl3^ . then it also 
satishes the Euler-Langrage equation. □ 


By the explicit expression for the hrst few T„’s given earlier, we see 
that the hrst few terms of the Lagrangian for our action functional is: 

^1 


L — tou T 


—U^ + t2{-U^ H- 

2 ^6 24 ^ ^ 


+ 


- Un \ -\- -'U^'U3^A ) 

480 240 ^ 




240 




1 


13440 


<A^ - 


6720 6720 ’ 


The genus zero part of the Lagrangian is: 


(41) 


Lq — 


U 


n+1 


Jnl) 


n>0 


{n + 1)! 


This is what we used in [18] for the mean held theory of the topological 
ID gravity. Taking all = 0, one gets a plane algebraic curve: 

(42) L„ = 

This is the Airy curve m El ng that determines the topological 2D 
gravity by Eynard-Orantin topological recursion [g. 


4. Convergence Problem 

Now we restrict to the (to, ^ 2 )-plane. The string equation fl5SD be¬ 
comes: 

(43) u{to,ti) = to + t2i-u‘^{to,ti) + —dlu{to,ti) 

We solve the above equation recursively by rewriting it as follows: 

(44) Mo(to, ^i) = ^0 y“o(^o, ti), 
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and for (? > 1, 

-j- _^ -j- Q2 

(45) Ug{tQ,t2) = — ^ ^ Ug^{to,t2) •■^ 92 (^ 05 ^ 2 ) + ^ 2 )- 

91+92=9 

One can rewrite (1451) in the following form: 

5-1 

Tn / I 

^ 2 ) 


h 


ffi=l 


1 — t2Uo{tQ, t2 

From (1441) one can get [T7] : 

(46) Mo(0,0) = 

After using (j45l) to get 

(47) 

(48) U2{to, t2) = - 2^ot2)■®^^ 

we make the following ansatz: 

(49) 


1 « " 1 ^2 
9 '^9l(^0) 0 ) • Wg-gi(^O) O) + 


1 ~ (1 ~ 2 tot 2 )^'^^ 
h 


Uiito^h) — ^2^2(1 ~ 2 fot 2 ) , 
49 


u, 


= Cgtl^ ^{l-2tot2) ^^^^+^ 9 , 0 ^ 2 ^ 


^9 ~ '^ 9‘'2 I >^9,1 

and get the following recursion relations for the coefficients Cg-. 

1 f~( 1 

(50) ^9 = 2 + y^(5^ - 4)(5^ - 6)c3_i. 

51 = 1 


Set Cg = then one has 

(51) 


ao — 


' 2 ’ 


and for n > 0 the recursion relation: 

n—1 

(52) On = ^ akOn-k + 2(5n - 4 )( 5 ? 7 , - 6 )a„_i. 


k=l 


The sequence a„ is the sequence A094199 on Sloane’s The On-Line 
Encyclopedia of Integer Sequences. This sequence appeared in [TTl [ 12 ] , 
see also [7]. By [121 Theorem 4.2], as n —)■ oo, 

(53) a„~/3-50”-^(n-l)! 

for some constant /3. The constant P has been determined by Kotesovec 
to be 

;3 = 5A1 


(54) 


27r2 
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cVn _ ^^2 
12 e 2 • 


By Stirling’s formula, 

(55) an ~ \/32”-^52"-^/V"-V(7rexp(2n)). 

It follows that 

(56) Cn ~ \/35^"“^'’^^?T,^"'“^/(7rl2”exp(2n)). 

Therefore, as n —)■ oo, 

(67) 

Therefore, when ^2 7 ^ 0, 

(58) u{to, fa) = ^ 

g>o 

has radius of convergence equal to zero. 

5. Discussions 

We expect to extend our construction of the mean field theory to 
other topological field theories. The following discussions are based 
on speculative assumptions. We will check these assumptions in sub¬ 
sequent work. The free energy of such a theory in two dimensions 
depends on infinitely many parameters {f“’”}o<a<m,n>o for some fixed 
m, where m -|- 1 is the number of primary operators. Suppose that 

where {rjab) is a nondegenerate symmetric matrix. Denote its inverse 
matrix by ( 77 “^). For the order parameters, as in [3] we take 

d'^F 

( 60 ) “a := ^ dt^,OQfa,o- 

Suppose that they satisfy the integrable hierarchy 


(61) 


dUa 


9xFa,b-,n [ll]) 


where Ra,b-,n[u] are some differential polynomials. Furthermore, assume 
that the free energy F satisfies the puncture equation of the form: 


(62) 


dF dF 1 a 0 6 0 


afo.o 


a=0 n=l 

such that one can derive from it the string equations: 


( 63 ) 


Uh = EE t''’''Rb,c-,n['<A +Vb0X. 

n>l c=0 
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Multiply both sides by rj’^^dxUa and sum over repeated indices: 

m 

(64) V'^'dxUa • “6 = X] X] r]^H^’^dxUa ■ i?6,c;nN + xO^Uq. 

n>l c=0 


Suppose that after integration one has 


(65) 



UaUb 


EE 

n>l c=0 




+ xuq — A 


2 ^ 

dx ' 


Then one gets: 

F = \~^ j f ^ ^ + XUo - dx + F|iO,0=o, 

'' ^n>l c=0 ' 

where u satishes the string equations fl65]) . Next we dehne the action 
functional to be 

S' = A"^ f f 'n°'’'F'^Ta^b,cA'>A + ^^0 - ^v’^'^UaUi^dx + F|tO,0=o, 

'^n>l c=0 d 

and our hnal assumption is that the system of Euler-Lagrange equa¬ 
tions 

(5 S 

(66) -j— = 0, a = 0,...,m, 

Otla 

is equivalent to the system of string equations (165]) . When all our 
assumptions are met, we then arrive at a one-dimensional mean held 
theory for the original theory. We conjecture this is the case for the 
theories arising from semisimple Frobenius manifolds [1]. 

Another direction for possible generalizations is to hnd (n — 1)- 
dimensional mean held theory for topological n-dimensional gravity. In 
[18] we have studied topological ID gravity by a 0-dimensional mean 
held theory. We have seen in Section 3 that the genus zero part of the 
Lagrangian density for the topological 2D gravity is the Lagrangian 
density for the topological ID gravity. Furthermore, in both cases the 
system of equations of motion has only one formal solution. It will be 
very interesting to generalize these to higher dimensions. 
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